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Abstract
Classifying inflationary scenarios according to their scaling properties is a powerful way to
connect theory with observations. A useful tool to make such a classification is the β-function
formalism. By describing inflation in terms of renormalization group equations, within this
framework, it is possible to define universality classes, which can be considered as sets of
theories that share a common scale invariant limit. In this paper we apply the formalism to
define such classes of universality for models of inflation where the inflaton is coupled to gauge
fields. We show that the formalism may consistently be extended to capture the peculiar
features of these models such as statistical anisotropy. We also obtain some consistency
conditions which serve as useful guidelines for model building.
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1
1 Introduction
Symmetries have always played an important role in theoretical physics. In the context
of early time cosmology, symmetry arguments may provide a powerful guideline to grasp
some details on the physics that occurred during inflation. In particular, it is interesting to
understand whether they could be used to infer some of the properties of the perturbations
imprinted in the Cosmic Microwave Background (CMB). Following this logic, it becomes nat-
ural to classify inflationary models on the basis of scaling/symmetry properties in the deep
inflationary phase (where the dynamics features an attractor). In this classification scheme,
the β-function formalism [1] has shown to be a powerful tool. This framework, which is
based on the application of Hamilton-Jacobi (HJ) formalism to cosmology [2], is based on a
formal analogy between the Renormalization Group Equation (RGE) in quantum field the-
ory (QFT) and the equations describing the evolution of the inflaton field in a cosmological
background. The behavior of the Universe during inflation is well described, in term of the
β-function formalism, as a departure of the corresponding RGE from a de Sitter (dS) fixed
point. The characterization of the β-function in the neighborhood of such a point defines
a universality class of models. In this way the plethora of inflationary potentials [3], which
are the discriminator of inflationary models, are classified in a small set of classes according
to the β-function behavior close to the dS fixed point. It is worth mentioning that beyond
the formal resemblance between inflation and RGE, more solid arguments in support of this
analogy arise from the application of holography [4] to cosmological setups [5–7]4.
Up to now such a formalism has been applied to inflationary scenarios with scalar field(s)
evolving in isotropic space-time, typically Friedman-Lemaitre-Robertson-Walker (FRLW),
which is in very good agreement with CMB [20–25] and Large Scale Structure (LSS) ob-
servations [26–28]. However, since the role of new degrees of freedom during inflation is an
extremely interesting and actual topic [29–31], in this paper we discuss its application to
scenarios where, besides the inflaton, vector fields are present during inflation. There are
many models in the literature involving vector fields: the first concrete proposal was realized
in [32, 33] where inflation was driven by massive vector fields (see also [34]). However, since
there must be an equilibrium between the rapid dilution of energy density due to the expan-
sion of the Universe and the amount of generated anisotropy, the dynamics of vector fields
during inflation happens to be non-trivial. Moreover, it was shown in [35–37] that these two
original models suffer from instabilities. In particular the longitudinal degree of freedom,
which appears since the U(1) symmetry is broken, turns out to be a ghost.
After the first proposals, several models where the dynamics of the vectors does not present
pathology (and energy density and anisotropy are under control) were introduced: for exam-
ple this can happen when U(1) gauge field(s) are coupled to a scalar inflaton as in [38], to
an axion as in [39–41] or with non-Abelian gauge fields [42–44]. In this work we focus on the
first of these cases and in particular we consider two (sub)cases: one where a triad of U(1)
gauge fields is evolving isotropizing the Universe and one where the gauge field, evolving in
a Bianchi type I universe, leaves particular imprints on the dynamics and on CMB observ-
ables. In particular the power spectrum (and the bispectrum) acquires a direction dependent
contribution which is a measure of the degree of anisotropy [45–51].
4For other application of holographic techniques to cosmology see for example [8–19].
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In this work we apply the β-function tools to such scenarios developing a consistent frame-
work for the formalism in non isotropic space-time and we show how to build universality
class for this kind of models. We first extend the formalism to what we call ‘isotropic ansatz’,
where a triad of gauge fields is evolving in an isotropic FLRW metric, and we extract infor-
mation on the dynamics studying the space of trajectories in terms of the β-function. Then
we move to the central part of our paper, where the formalism is extended to the ‘anisotropic
ansatz’, where the gauge-field is expanding along one particular direction in a Bianchi type
I space-time. In this case we introduce a ‘second’ superpotential (and a new function which
we call γ) to describe the growth of the anisotropies. Such a gauge field configuration leaves
very peculiar signatures in the observables both on scalar and tensor perturbations. We show
how the constraints, mainly arising from CMB observations, may help to characterize the HJ
variables and we finally apply the techniques to some specific models of inflation.
The structure of the paper is the following: in Sec. 2 we present the model and the two
ansatz used for the HJ analysis. In Sec. 3 we firstly review the β-function formalism and
then we apply it to both the isotropic case and the anisotropic case. We then discuss the
implications of the formalism on CMB observables like statistical anisotropy in the power
spectra. We finally apply the techniques to a specific class of inflationary models. Our
conclusions are given in Sec. 4. In the Appendices we report some useful formulae and other
concrete applications of our formalism.
2 Inflation in presence of classical gauge field backgrounds
Models where there is a coupling between the inflaton and gauge fields have been extensively
studied in literature (see for example [38–44, 49, 52–57]). In particular, when the coupling
balances the dilution due to the expansion, this may result in non-trivial signatures in the
primordial fluctuations such as primordial statistical anisotropy or amplification of the scalar
and tensor fluctuations. In this work we consider a scalar inflaton φ coupled to a certain
number N of abelian (U(1)) gauge fields Aaµ (labeled by the index a) described by the action5:
S =
∫ √
|g|d4x
[
m2pR
2
− P (φ,X)− f(φ,X)
4
gµνgαβF aµαF
a
νβ
]
, (2.1)
where F aµν ≡ ∂µAaν − ∂νAaµ is the usual (abelian) field strength tensor for the gauge fields,
P (φ,X) and f(φ,X) are two generic functions of φ and X ≡ 12gµν∂µφ∂νφ. Notice that
according to this definition we have P = −p, where p is the pressure associated with the
scalar field (which in the simplest realization of inflation 6 reads p = −X − V ). It is known
that in the case of a minimal coupling (i.e. for f = 1), gauge fields quickly decay during
the Hubble expansion [44]. However, it has been shown that the presence of a non-minimal
coupling between the inflaton and the gauge fields may sustain gauge field fluctuations during
inflation (for a review of some of the possibilities see [53]). While in most of the existing
literature it is common to assume a standard Lagrangian for the inflaton (i.e P = X + V )
and a non-minimal coupling f(φ,X) depending on φ only, generalizations of this framework
5The metric has (−,+,+,+) signature, mp ' 2.4 · 1018 GeV/c2 denotes the reduced Planck mass (in the
following we set mp = 1) and t denotes the cosmic time (conformal time τ is defined as adτ ≡ dt).
6By ‘simplest realization of inflation’ we mean single field inflation with a standard kinetic term, minimally
coupled with gravity and no interactions with other particles.
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have been discussed (see for example [58–60] for P,X 6= 1 and [61] for both P,X 6= 1 and a
derivative coupling7).
In this work we discuss homogeneous configurations for both the inflaton and the gauge fields
(meaning that both Aµ and φ depend on t only) and quantum perturbations around these
backgrounds. In particular, we will focus on two different cases:
1. Anisotropic ansatz: as discussed in [38], by imposing temporal gauge (i.e. A0 = 0)
a homogeneous gauge field can always be expressed as:
Aµ(t) = (0, vA(t), 0, 0) , (2.2)
where, without loss of generality, we have chosen the gauge field to be aligned along
the x axis. In this case a consistent choice of the metric is:
gµνdx
µdxν = −dt2 + a2(t) [b(t)−4dx2 + b(t)2 (dy2 + dz2)] , (2.3)
where a(t) and b(t) are the isotropic and anisotropic scale factor respectively.
2. Isotropic ansatz: similarly to the anisotropic case, A0 is set to zero by gauge choice,
and we can proceed by considering the homogeneous background:
Aai (t) = vA(t)δ
a
i , (2.4)
which, together with the inflaton, evolves in a homogeneous and isotropic spacetime
with metric:
gµνdx
µdxν = −dt2 + a2(t)d~x2 , (2.5)
which is the usual FRLW background.
In the remaining of this section we give a brief explanation 8 of the general characteristics of
the isotropic and anisotropic ansatz respectively.
2.1 The isotropic ansatz
Two different mechanisms to realize an isotropic gauge field background are already present
in the literature:
• As discussed in [33], from the superposition of a large number N of homogeneous gauge
fields (described by the ansatz of Eq. (2.2)) with random directions, it is possible to ob-
tain an approximately isotropic configuration (anisotropy scales like 1/
√N ). Moreover,
phase-space analysis shows that the trajectories converge towards a universal isotropic
attractor [63].
• As in the cases of Gauge-flation [42, 43] (see also [64–66]) or Chromo Natural Inflation
(CNI)9 [71], by considering non-abelian SU(2) gauge fields it is possible to perform
7Motivations for this choice arise from string theory models of inflation where the parameterizations of
P (φ,X) and f(φ,X) are specified from a Dirac-Born-Infeld (DBI) action [62].
8More details on the derivation of the equations shown in this section are given in Appendix A.
9For the analysis of perturbations (which presents a quite reach and interesting phenomenology) see for
example [57, 67–70].
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a global gauge transformation together with a coordinate transformation to align the
three gauge fields along the three axes, obtaining an isotropic vacuum expectation value
for the gauge fields10. In the limit of a sufficiently small gauge coupling, non-abelian
interactions are suppressed and the three gauge fields effectively evolve as three abelian
(U(1)) fields which preserve isotropy.
While different theoretical constructions are possible, in this work we focus our interest
on phenomenology, and we do not discuss this point in detail. Such an analysis can be a
interesting starting point for future works on topic. Assuming the isotropic ansatz specified
by Eq. (2.4) and Eq. (2.5), P = X+V and f(X,φ) = f(φ) the equation of motion for inflaton
and for the gauge fields read:
φ¨+ 3Hφ˙+ V,φ = −1
4
(
−6v˙
2
A
a2
)
f,φ , (2.6)
∂0 (afv˙A) = 0 , (2.7)
and it is clear that Eq. (2.7) is solved by:
v˙A = pAa
−1f−1 , (2.8)
where pA is a constant. This result can be substituted in the first equation and in particular,
by defining the function f˜ ≡ fa4, we can express the only non-zero components of Einstein
equations as:
3H2 =
φ˙2
2
+ V (φ) +
3p2A
2f˜
, (2.9)
−2H˙ = φ˙2 + 2p
2
A
f˜
. (2.10)
Once parameterizations for the scalar potential V (φ) and for f(φ) are specified, the system
can be solved and the behavior of the solutions can be studied. In particular from the first
slow-roll parameter H :
H ≡ − H˙
H2
=
φ˙2
2H2
+
p2A
f˜H2
= 3
φ˙2 + 2p2A/f˜
φ˙2 + 2V (φ) + 3p2A/f˜
, (2.11)
it is possible to understand whether inflation (i.e. H  1) is realized. As a matter of fact,
inflation can only take place if the two conditions (recalling that f˜ > 0):
φ˙2  V (φ) , p2A/f˜  V (φ) , (2.12)
are simultaneously satisfied. For later convenience it is also useful to introduce the two
quantities:
φ ≡ 1
2
(
φ˙
H
)2
, ρA =
3p2A
2f˜
, (2.13)
where φ can be seen as the slow-roll parameter related to the inflaton field and ρA is the
gauge fields energy density.
10It is worth pointing out that both in CNI and Gauge-flation, the inflaton is assumed to be an axion which
is coupled to the gauge fields through a φFF˜ term (F˜ being the dual field strength). However, the same
procedure can analogously be performed with a scalar inflaton coupled to gauge fields as f(φ,X)FF .
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2.1.1 Isotropic power spectra
Even if the gauge fields have a non-vanishing energy density, at the level of classical back-
ground this would be indistinguishable from the single-field model11. In order to extract
information about the gauge field contribution, it is necessary to investigate its linear pertur-
bation and its contribution to the scalar and tensor power spectra (higher order correlators,
like the bispectrum, would give a further way to distinguish them). Similarly to [72], it is pos-
sible to express the power spectrum of curvature perturbations as a sum of two contributions
coming from the inflaton field and from the (triad of) gauge fields:
∆2s(k)
∣∣
k
aH
=1
= ∆2s,0
[
1 +
4ρA
3H2
(
d ln f
dφ
)2
N2k
]
' ∆2s,0
[
1 +
32ρA
3H2φ
N2k
]
, (2.14)
where ∆2s, (0) ≡ H2/(8pi2H) is the usual vacuum contribution to the scalar power spectrum
and N denotes the number of e-foldings defined as:
N ≡ −
∫ a
af
d ln a = −
∫ t
tf
Hd ln t . (2.15)
In Eq. (2.14) Nk denotes the number of e-foldings before the end of inflation at which the
(gauge) modes with the wave number k left the horizon. Since in absence of multiple cross-
ing12 this is uniquely determined by k = aH, from now on we drop the k subscript (and
also the k/(aH) = 1) and every time we present the scalar and tensor power spectra and
derived quantities, we always intend them to be evaluated at horizon crossing. Notice that
for ρA = 0 we consistently recover the usual expression for the scalar power spectrum. In
order to compare with CMB observables it is customary to introduce the scalar spectral index
defined as:
ns ≡ 1 + d ln ∆
2
s
d ln k
' 1−
[
2H + 2 +
32ρAN
2
3H2φ
(
2
N
− φ,N
φ
− 2H
)]
, (2.16)
where ,N denotes a derivative with respect to N and where we define:
i+1 = −d ln |i|
dN
, with 0 ≡ 1
H
, and 1 ≡ H . (2.17)
The first two terms appearing in the parenthesis in Eq. (2.16) are given by the usual vacuum
contribution, the other terms are the modifications due to the presence of the inflaton-gauge
field coupling. ns measures the tilt of the scalar power spectrum at a given scale and typically
it is evaluated at CMB scales (corresponding to N ' 60) where the most recent observations
by Planck [74] constrain its value to be ns ' 0.9649± 0.0042 at 68% CL.
Analogously to the scalar case, the tensor power spectrum gets modified by the presence of
the gauge fields, and it is equal to:
∆2t = ∆
2
t, (0)
(
1 +
8ρA
3H2
N2
)
, (2.18)
11To the best of our knowledge, most (or all) of the typical gauge field induced backreaction can be mimicked
by the introduction of particular features in the scalar potential.
12For the treatment of cases in which multiple crosses take place see [73].
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where in analogy with the scalar case, we introduce ∆2t, (0) ≡ 2H2/pi2 to denote the vacuum
contribution to the tensor power spectrum. In order to compare theoretical predictions with
observations it is customary to introduce the tensor to scalar ratio as:
r ≡ ∆
2
t
∆2s
' 16 H
(
1− 32ρAN
2
3H2φ
)
, (2.19)
which shows that the tensor-to-scalar ratio is suppressed compared to the single-field slow
roll inflation. When the gauge field does not contribute to the dynamics then ρA = 0 and
the tensor-to-scalar ratio reduces to r = 16H .
2.2 The anisotropic ansatz
Assuming the anisotropic ansatz specified by Eq. (2.2) and Eq. (2.3), P = X + V and
f(X,φ) = f(φ), the eom for the gauge fields reduces to (for details see Appendix A):
∂0
(
ab4fv˙A
)
= 0 , (2.20)
which is clearly solved by:
v˙A = pAa
−1b−4f−1 , (2.21)
where pA is a constant. At this point, in analogy with the procedure carried out in the
isotropic case, by defining f˜ = a4b4f the only non-zero components of Einstein equations
read:
3
(
H2a −H2b
)
=
φ˙2
2
+ V (φ) +
p2A
2f˜
, (2.22)
3HaHb + H˙b =
p2A
3f˜
, (2.23)
3H2a + H˙a = V (φ) +
p2A
6f˜
, (2.24)
where Ha ≡ a˙/a and Hb ≡ b˙/b. Notice that for pA = 0 (which corresponds to v˙A = 0 i.e. no
gauge fields), we recover the usual case of the simplest realization of inflation. By combining
Eq. (2.22) and Eq. (2.24) we can obtain the analogous of the H parameter defined in the
isotropic case:
H ≡ − H˙a
H2a
= 3
(
Hb
Ha
)2
+
p2A
3f˜H2a
+
φ˙2
2H2a
. (2.25)
Since for f˜ > 0 this is a sum of positive terms, the condition to realize inflation is that all of
the terms on the r.h.s. are much smaller than one. For later convenience we define:
φ ≡ 1
2
(
φ˙
Ha
)2
, ρA ≡ p
2
A
2f˜
, (2.26)
which respectively correspond to the first slow-roll parameter in the isotropic case and to
gauge field energy density.
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2.2.1 Anisotropic power spectra
In the anisotropic case a privileged axis (here the x−axis) exists and the scalar and tensor
power spectra are both characterized by a non-isotropic contribution [46–50] depending on
the angle θk,x between the wave vector k and the privileged direction x. In particular, for
the scalar power spectrum we have:
∆2s (k) = ∆
2
s,(0)
[
1 +
2ρA
H2
(
d ln f
dφ
)2
N2 sin2 θk,x
]
, (2.27)
where ∆2s,(0) is the isotropic power spectrum. The extra contribution, compared to the
vacuum case, is usually parameterized in terms of the anisotropic parameter g∗ introduced
in [45] and defined as:
|g∗| = 16
φ
ρA
H2
N2 , (2.28)
which make explicit that also a negligible contribution of the gauge field energy density
generates anisotropic signatures in the spectra. g∗ encodes the level of anisotropy and it is
well constrained to be |g∗| ' 0.002 ± 0.016 (68%CL) [21–23]. Even if observations strongly
indicate a level of anisotropy compatible with zero, it is interesting to derive information
about HJ variables from this constrain. This will be further developed in Sec. 3.2. For
completeness, we report the expression of the scalar spectral index, given by13:
ns ' 1−
[
2H + 2 +
2
3
|g∗|
(
2
N
− 2H − φ,N
φ
+ 2
γ,N
1 + γ
)]
, (2.29)
where we introduced γ ≡ Hb/Ha (more on this is said in Sec. 3.2). Once again the first two
terms in the bracket correspond to the usual vacuum contribution and the other terms are
the gauge field-induced modifications.
Also the tensor power spectrum gets modified by a contribution that will be direction depen-
dent [48]. In particular, we find that the power spectrum of tensor perturbations, considering
both polarizations, is:
∆2t = ∆
2
t,(0)
(
1 +
4ρA
H2
N2 sin2 θk,x
)
. (2.30)
Using Eq. (2.27) and Eq. (2.30) we can compute the tensor-to-scalar ratio and relate it to
the anisotropic parameter g∗:
r ≡ ∆
2
t
∆2s
= 16H
1 +
φ
4 |g∗| sin2 θk,x
1 + |g∗| sin2 θk,x
, (2.31)
which, averaging over all the angles, becomes:
r = 16H
1 + 16φ|g∗|
1 + 23 |g∗|
' 16H
(
1− 2
3
|g∗|
)
. (2.32)
As a consequence, the coupling between the inflaton and the gauge fields modifies the value
of r. In particular, for larger values of |g∗| at CMB scales, we expect smaller values of r.
13After averaging sin2 θk1,x over all the angles
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Finally, it is worth pointing out that, as shown in [50], models with the interaction φ− F 2,
are characterized by a ‘consistency relation’ which relates the power spectrum to higher
order correlation functions, like the bispectrum (i.e the Fourier transform of the three-point
correlation function). In particular, for the model analyzed in this paper, the anisotropy in
the power spectrum (g∗) is related to the bispectrum amplitude (fNL) (see for example [50]
for more details).
3 β-function formalism: definition and applications
The β-function formalism is an alternative formulation of inflation which relies on the ap-
plication of the HJ approach to cosmology [2]. Inspired by holographic arguments [5–7],
the β-function formalism was introduced in [1] with the aim of defining a systematic (and
theoretically well-motivated) classification of inflationary models. Interestingly, in a series
of subsequent works [75–79] it has been shown that the formalism provides a powerful tool
to achieve a (semi-)analytical understanding of generalized models of inflation. In order to
illustrate the method, we start this section with a brief review of its definition in the case
of the simplest realization of inflation. The generalization to the isotropic and anisotropic
ansatzes of Sec. 2 is then described in subsections 3.1 and 3.2 respectively.
In the simplest realization of inflation the dynamics is completely specified by the equation
of motion for the inflaton field:
φ¨+ 3Hφ+ V,φ = 0 , (3.1)
and by (one of) the two non-zero component of Einstein equations:
3H2 = ρ , (3.2)
−2H˙ = p+ ρ , (3.3)
where p and ρ are the pressure and energy density of the inflaton. Within the HJ formalism,
under the reasonable assumptions that a solution of this system exists and that the time
evolution of φ as function of t is piecewise monotonic, it is possible to invert to get t(φ) and
use the field as a clock to describe the evolution of the system. At this point we introduce
the so-called superpotential14 W (φ) ≡ −2H(φ) and using Raychauduri’s equation (3.3) we
directly find:
φ˙ = W,φ , (3.4)
implying that it is possible to express φ˙ (and therefore all physical quantities) as a function
of φ only. It is worth stressing that this is a crucial step for the definition of the formalism
and, as a matter of fact, this can be non-trivial for generic P,X 6= 1 (and/or f,X 6= 0). Indeed,
this motivates our choice of avoiding unnecessary complications by assuming P,X = 1 and
f,X = 0. However, we point out that it was shown in [76] that for single field models of infla-
tion the formalism can successfully incorporate models with P,X 6= 1. By following a similar
procedure, a further generalization of the formalism which includes the cases neglected in
14 The formal analogy between the parameterization of the scalar potential in SUSY (for a review, see for
example [80]) and in the formalism [1], justifies the name.
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the present work could be defined.
By following a formal analogy with the definition of the RGE describing the evolution of the
renormalized coupling constant (whose role here is played by the inflaton) in terms of the
renormalization scale (here the scale factor a) we introduce the cosmological β-function as:
β(φ) ≡ dφ
d ln a
. (3.5)
From this definition and using Eq. (3.4), Eq. (3.2) and Eq. (3.3) it is easy to show that:
p+ ρ
ρ
=
4
3
W 2,φ
W 2
=
β2(φ)
3
. (3.6)
This expression for the equation of state shows that a phase of nearly exponential expansion
of the Universe (such as inflation) corresponds to the neighborhood of a zero of β(φ). In
particular, a de Sitter phase of expansion corresponds to a fixed point of the associated RG
flow (i.e. a point where β(φ) = 0). The leading order characterization of β(φ) around the
fixed point uniquely defines a class of models of inflation. Higher order contributions to the
β-function, which are not playing any role in the neighborhood of fixed point, may become
important along the RG flow and break the universality at different scales. This clarifies the
power of this formalism since all the information on the inflationary phase is enclosed in the
parameterization of β(φ).
Clearly, the presence of a gauge field contribution requires some modifications in the definition
of the formalism (for example Eq. (3.4) have different solutions). However, as shown in the
following sections, until the evolution of the inflaton is piecewise-monotonic in time, all the
relevant quantities can still be expressed as functions of the field only. As an instructive
example, we first consider the simpler case of the isotropic configuration (2.4). After that
the formalism for the system inflaton-gauge fields is established we finally proceed to the
extension to the anisotropic ansatz (2.2)-(2.3).
3.1 β-function formalism for the isotropic ansatz
Following an analogous of the procedure used for single-field inflation, we introduce the
superpotential W (φ) ≡ −2H(φ) and we express Eq. (2.10) as:
W˙ (φ) = W,φφ˙ = φ˙
2 +
2p2A
f˜
= φ˙2 +
4ρA
3
. (3.7)
We can now solve this equation for φ˙ to get:
φ˙ =
1
2
W,φ
(
1 +
√
1− 16ρA
3W 2,φ
)
, (3.8)
which, by definition, is a function of the scalar field only. Notice that when the second term
in the square root vanishes we recover the usual φ˙ = W,φ. By defining the β-function as in
Eq. (3.5) and using Eq. (3.8) we get:
β(φ) = −W,φ
W
(
1 +
√
1− 16ρA
3W 2,φ
)
=
β0
2
(
1 +
√
1− 64ρA
3β20W
2
)
, (3.9)
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where, in analogy with the procedure of [79], we have introduced:
β0 ≡ −2W,φ
W
, implying W = Wf exp
{
−1
2
∫ φ
φf
dφ′β0(φ′)
}
. (3.10)
Notice that for ρA = 0 Eq. (3.9) gives the usual β = β0 = −2W,φ/W . At this point it is
interesting to stress that Eq. (3.8) (and as a consequence Eq. (3.9)) only makes sense if the
condition:
β20 ≡ 4
W 2,φ
W 2
≥ 64ρA
3W 2
, (3.11)
is satisfied. Such a constraint, which is not present in the standard formalism, naturally
emerges in this framework. Indeed, by solving Eq. (2.10) for φ˙, the formalism automati-
cally contains information on the dynamics of the system. Since specifying an inflationary
model consists in fixing the parameterisation of β0(φ) (or of β(φ)) and f(φ) plus some ini-
tial conditions (i.e. pA and Wf), Eq. (3.11) can be seen as a straightforward sanity check for
the model. This clearly shows that the formalism provides a powerful tool for model building.
In order to have a better understanding of the link between the present case and simplest
realization of inflation, it is useful to notice that, if the condition in Eq. (3.11) is satisfied,
we have:
|β0|/2 ≤ |β| ≤ |β0| . (3.12)
At this point, by computing the expression of the first slow-roll parameter:
H ≡ − H˙
H2
=
1
2
ββ0 =
1
4
β20
(
1 +
√
1− 64ρ
2
A
3β20W
2
)
, (3.13)
it becomes manifest that, until Eq. (3.11) is satisfied, inflation can only be realized for β0  1
(and thus β  1). Notice that if ρA = 0, inflation ends for β0 =
√
2, on the other hand, if
the square root is zero, inflation ends for β0 = 2 implying that, similarly to [55, 81, 82], the
gauge field production is effectively modifying the last part of the evolution. Moreover, it is
also interesting to consider the expression of the scalar potential:
V (φ) =
3
4
W 2(φ)
[
1− 1
6
β2(φ)− 2p
2
A
f˜W 2
]
. (3.14)
As Eq. (3.11) implies that the last term in the bracket is (at least) of order β20 (or higher),
and β is of the same order of β0 (see Eq. (3.9)), the parameterization of β0 (which sets W (φ)
through Eq. (3.10)) directly specifies V (φ). As a consequence, even in the presence of gauge
fields, β0 can still be used to specify (classes of) single-field models of inflation.
Similarly to the case of [79], the formalism offers a natural representation of the system in
a two-dimensional plot capturing the deviation from the simplest realization of inflation for
different parameterization of the coupling constant. This becomes clear if, using the last
equality in Eq. (3.7), we recast Eq. (3.13) as:
H ≡ − H˙
H2
=
β2
2
+
8ρA
3W 2
. (3.15)
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Concretely, setting the square root of the two terms on the r.h.s. of this equation as the axis
of the plot, we represent inflation as a curve going from the dS fixed point (corresponding
to (0, 0)) to a point of the unit-circle (corresponding to the end of inflation) in the (+,+)
quadrant of the plane. For example, if the contribution of the gauge field is zero, we expect
an horizontal trajectory and as soon as the contribution of the gauge field start to be non-
negligible we expect curves departing from this horizontal line. The shape of the different
trajectories will be mostly defined by the coupling function f˜ . For more details on such
analyses we refer the reader to [79].
While in this section we have mainly focused on the evolution of the background, the for-
malism also provides a powerful tool to characterize perturbations. In particular, as we will
see for the anisotropic case, the equations provided in Sec. (2.2.1) will be expressed in terms
of the typical quantities of the formalism.
3.2 β-function formalism for the anisotropic ansatz
In this section we discuss the extension of the β-function formalism to include the anisotropic
ansatz introduced in the bullet point (1) of Sec. 2. This is achieved by following a procedure
similar to the one carried out in the previous section. However, it is interesting to point out
that a crucial difference with respect to such a case is the presence of a second scale factor
(the function b(t)), which requires the definition of a second superpotential. For better con-
venience, we connect the evolution of the two superpotentials via a new function γ, which
measures the deviation between the isotropic and anisotropic components. Some comments
on the interpretation of such function in the context of holography are given.
Considering the metric (2.3), in this case there are two different scale factors so we introduce
two superpotential:
Wa(φ) ≡ −2Ha(φ) , Wb(φ) ≡ −2Hb(φ) , (3.16)
i.e., in addition to the usual superpotential (here called Wa), we introduce the ‘anisotropic’
superpotential Wb. The next step towards the formulation of the problem in terms of the HJ
formalism, is to express φ˙ as a function of φ only. Starting from the system in Eqs. (2.22)-
(2.24), and using the definitions of Eq. (3.16), with some algebra we get:
φ˙2 − (Wa,φ +Wb,φ) φ˙+ 3
2
WaWb +
3
2
W 2b = 0 . (3.17)
This is a polynomial equation for φ˙ which is solved by:
φ˙ =
1
2
(Wa,φ +Wb,φ)
1 +
√
1− 6Wb
Wa
(
1 +
Wb
Wa
)(
Wa,φ
Wa
+
Wb
Wa
Wb,φ
Wb
)−2 , (3.18)
where we have picked the plus solution in order to ensure consistency with the standard
single-field case (i.e. Wb = 0 and Wa,φ = φ˙). Also in this case we can state that φ˙ can be
expressed as a function of φ only, which ensures that the HJ formalism can be applied even
in the case where there is an anisotropic contribution to the dynamics of the system.
When anisotropic model of inflation, like the one in Eq. (2.1), are considered, they are
uniquely specified by a choice for the scalar potential V and for the coupling function f , that
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in principle is function of φ. The evolution of the system is completely fixed as soon as these
two functions are specified. Since the behaviour of the coupling function f defines the fate
of the anisotropic expansion, we can think in the β-function framework, that we trade the
potential for the β-function introduced in Eq. (3.5) and the coupling function for the new
γ-function:
γ(φ) ≡ d ln b
d ln a
=
Wb
Wa
, (3.19)
which grasps the grows of the anisotropies. To the best of our knowledge, this is the first time
that such a function, whose introduction is a minimum requirement to study non-isotropic
fields within the HJ formalism, is introduced for studying the evolution of anisotropies during
inflation. It is however fair to point out that such a procedure is already been developed in
the exploration of gauge/gravity correspondence [4] (see for example [83]). In such a frame-
work an analogous15 of the action in Eq. (2.1) is typically used for the holographic modeling
of strongly interacting condensed matter systems [84–88]. In terms of the gauge/gravity
correspondence the models described by the action in Eq. (2.1) can thus be seen as the dual
of a theory with Lifshitz scaling in the space components [89–91]. As a consequence, the
β-function captures the evolution of the isotropic scale factor which in the context of holog-
raphy is connected to the renormalization scale in the dual theory. Conversely, the γ-function
is related to the growth of anisotropies which traces back to the introduction of a non-zero
temperature and of a finite charge density in the dual QFT (and more in general to the
breaking of Lorentz symmetry into Lifshitz [92, 93]).
Following the procedure of the previous section (in particular Eq. (3.10)) we introduce the
function β0:
β0 ≡ −2Wa,φ
Wa
. (3.20)
This choice allows to directly compute Wa and moreover it will become evident later that
this function allows to directly generalize the classes of universality introduced for single
field inflation to anisotropic scenario. Let us show that it is sufficient to specify β0 and γ to
completely fix the model. Using Eq. (3.18) (and also Eq. (A.28)) it is possible to show that
β can be re-expressed as:
β(φ) ≡ −2 φ˙
Wa
=
[
β0
2
(1 + γ)− γ,φ
] [
1 +
√
∆
]
, (3.21)
where we have introduced the definition:
∆ ≡ 1− 6γ(1 + γ)
[
−β0
2
(1 + γ) + γ,φ
]−2
. (3.22)
Notice that ∆ corresponds to the square root appearing in Eq. (3.18). At this point it
becomes easy to notice that the condition for inflation in term of β0 and β simply reads:
H = − H˙a
H2a
=
1
2
β0β  1 , (3.23)
15In this context the action of Eq. (2.1) (with f = exp(−λφ) and P = X + V ) is typically referred to as a
Einstein-Maxwell-Dilaton theory. Notice however that in the corresponding analyses this action is not used
to consider anisotropic cosmologies but rather black hole solutions.
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which shows explicitly that the different parametrisation of β0 (and therefore the corre-
sponding classes of universality found in the standard case) can be directly studied in the
anisotropic scenario.
We are now in a position to express the conditions for the anisotropic system to describe an
inflating universe in terms of our formalism. From Eq. (2.25) this automatically translates
in the following conditions (for details see Appendix A.2.1):
γ  1 , γ
[
1− β
3
(
β0
2
− d ln γ
dφ
)]
 1 , β2  1 . (3.24)
Moreover, another condition which must be satisfied for our model to be consistent is that
the square root in Eq. (3.18) is well defined, meaning that:
∆ = 1− 6γ
1 + γ
[
β0
2
− d ln (1 + γ)
dφ
]−2
> 0 . (3.25)
Since Wa and Wb have the same sign, γ is positive, the second term of the previous equation
is negative and thus ∆ is always smaller than one. Interestingly, there are three possibilities
to get sensible inflationary solutions:
1. β0  γ,φ so that the condition Eq. (3.25) reduces to γ 2,φ & 6γ.
2. β0 ∼ γ,φ which again requires γ 2,φ & 6γ, and thus it can be seen as a particularly case
of the previous condition.
3. β0  γ,φ so that the condition Eq. (3.25) reduces to β20 & 24γ .
The first of these possibilities corresponds to the case in which γ (and correspondingly the
anisotropies) grows fast along the inflationary trajectory. As γ must be smaller than one
throughout the evolution, this implies that the initial amount of anisotropies must be strongly
suppressed. Moreover, some problems might arise from the second condition in Eq. (3.24).
This requires further checks on the allowed parameterizations for β. Similar problems may
potentially arise for the second possibility as well. Conversely, the third possibility corre-
spond to small anisotropies (at least second order in β0) in the deep inflationary phase (near
the dS fixed point) which however may grow sufficiently fast during the last part of the evo-
lution. Since solutions of the first two kinds may be more involved than the latter, in the
following we only restrict our analysis to this case.
As discussed in Sec. 2.2.1, the presence of an anisotropic field induces statistical anisotropy
in scalar and tensor power spectra. The information from CMB and LSS observations about
anisotropy can then be used to set constrains on the HJ variables. Using expressions for the
gauge field energy density and for the slow-roll parameter (see Eq. (A.30) and Eq. (3.23)
respectively), the scalar power spectrum reads:
∆2s (k) '
W 2a
16pi2ββ0
(
1 + |g∗| sin2 θk,x
)
, (3.26)
where the parameter g∗ of Eq. (2.28) in term of the new variables β and γ reads:
|g∗| = 144γ(1 + γ)
2
β2
[
1− β
3
(
β0
2
− d ln γ
dφ
)]
N2 . (3.27)
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Figure 3.1: Predictions for ns and r in linear scale for a set of models of the chaotic class with β0 as in
Eq. (3.28), α = [1, 2] and a γ-function as in Eq. (3.29) with δ = [2, 3, 4] and the constant C chosen to give and
maximal value of |g∗| = 0.002 + 5σ, with σ = 0.016. Experimental constrains from the Planck satellite [74]
are plotted in the background. The right panel is a zoom of the relevant region in the left panel.
Following a similar procedure all the other quantities given in Sec. 2.2.1 can be expressed
in terms of the formalism. Some of these equations are reported in Appendix A (see in
particular Sec. A.2.1). A similar treatment can also be applied to higher order correlation
functions (i.e. non-Gaussianity), whose discussion is given in [50]. The information brought
by non-Gaussianity could be used to get a further characterization of the HJ variables. Since
these topics are beyond the scope of the present work, we conclude this section by considering
an explicit example to show the effectiveness of the method.
3.2.1 An explicit example - Anisotropic chaotic inflation
As explained in the previous sections, in the context of the β-function formalism a model
is completely specified by fixing a choice for β0 (or alternatively β) and for γ. In order to
generalize the classes of universality defined in the standard case, without any scalar-gauge
interaction, we proceed by specifying β0. For this example we choose a function of the form:
β0(φ) = −α
φ
, (3.28)
which corresponds to chaotic models of inflation with scalar potential V (φ) ' V0 φα. The
possible choices for the γ-function are then constrained by the conditions in Eq. (3.24) and
in Eq. (3.25). A possible parametrization which respects this constraints is:
γ(φ) = C |β0(φ)|δ , (3.29)
where C > 0 and δ > 2 are two positive constants. In particular, this choice ensures ∆ > 0
during inflation. Notice that once the constants α in β0 and δ in γ have been fixed (i.e. a
class of models is specified), a variation in the third constant C would directly correspond to
a variation of the anisotropic parameter g∗.
Fig. 3.1 shows the variation in the predictions for the scalar spectral index ns and the tensor
to scalar ratio r in correspondence to the variation of C for different choices of parameters
α and δ. The corresponding values of ns and r are compared with the one and two sigma
regions obtained by the Planck data [74]. The constant C in Eq. (3.29) has been chosen such
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that the |g∗| is never larger than five standard deviations from its best-fit value 0.002. The
predictions at |g∗| = [0.002, 0.002 + 2σ, 0.002 + 5σ] with σ = 0.016 [23] have been explicitly
indicated on the plots. We observe that the interaction between the scalar and gauge fields
produce a very small variation, in particular a decrease, in both the scalar spectral index and
the tensor to scalar ratio.
4 Conclusions
In this paper we have applied the β-formalism of [76] to inflationary scenarios where the
inflaton is coupled to homogeneous gauge fields [38]. Such a formalism relies on a formal
resemblance between the equations describing the evolution of the homogeneous inflaton in
cosmology and RGE in QFT. This method turns out to be extremely efficient to define set
of universality classes for inflationary models based on their scaling properties of the system.
In concrete, we have considered the presence of U(1) gauge field(s) and we studied the cor-
responding modifications in the definition of the formalism. We have considered both the
case where the interplay of (three) gauge fields can generate isotropic configurations and,
more interestingly, the case where the gauge field expands in a Bianchi type I metric leaving
distinctive features in the spectrum of both scalar and tensor perturbations. In particular,
for the anisotropic ansatz described in Sec. 3.1, the presence of a preferred direction (and
thus of a second scale factor, besides the isotropic one), imprinted by the spin-1 nature of the
field, requires the introduction of a second superpotential. The evolution of the two super-
potentials are related by a new function γ which measures the growth of anisotropies. This
is the first time that such a function is introduced for studying the evolution of anisotropies
during inflation. It is worth mentioning that an extensive treatment of models similar to the
one considered in this paper can be found in the context of holography applied to condense
matter physics (see for example [84–88]).
We have derived the conditions for both the isotropic and anisotropic configurations to de-
scribe an inflating universe, and we have translated such conditions in term of the β-function
formalism. Moreover, we have shown that dynamical constraints, which provide a useful
guideline for model building, naturally arise within the formalism. The formalism easily
allows to study the influence of the gauge field on the inflaton dynamics. In particular, it
can be used to identify the regions in the space of parameters where the coupling function
f can change the inflationary trajectories and consequently the (CMB) observables. In fact,
models which are characterized by non-isotropic evolution, leave particular signature in the
CMB, like a well know quadrupolar modulation in the spectrum of temperature fluctuations.
CMB and LSS experiments gave stringent constraints on such a level of anisotropy, which
we have used in this paper to derive information on the HJ variables.
In order to study the role of the gauge fields during inflation, in this work we assumed the
inflaton sector to be as minimal as possible i.e. we assumed a single scalar field, a standard
kinetic term and a minimal coupling to gravity. In building a fully realistic model for infla-
tion one, or possibly all, of these assumptions may be relaxed. While some generalizations
of the β-function formalism to more realistic landscapes have already been discussed16, a
vast amount of work still needs to be carried out in this direction. For example, the ex-
16See [75] for non-minimal couplings to gravity and [76] for non-standard kinetic terms.
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ploration of multi-field models of inflation17 or more general kinetic couplings between the
inflaton and gravity18. Another interesting possibility would be to apply the HJ formalism to
scenarios where different background symmetry pattern are considered during inflation, like
Solid Inflation and its extensions [99–103]. Even if, in this class of models, the background
fields are space-dependent, it is still possible to find combinations of quantities that are time
dependent on the background, which is a necessary condition for the formalism to be applied.
This could be an interesting topic for future investigations.
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A General equations
In this appendix we provide some of the details of the computations presented in Sec. 2 and
in Sec. 3. Let us start by computing the equations of motion for the inflaton field and for
the gauge field described by the action of Eq. (2.1):
1√|g|∂µ
[√
|g|
(
P,X +
1
4
f,XF
2
)
∂µφ
]
− P,φ − 1
4
f,φF
2 = 0 , (A.1)
∂µ
[√
|g|fF a,µν
]
= 0 . (A.2)
Moreover, the stress-energy tensor Tµν associated with the system reads:
Tµν = ∂µφ∂νφ
(
P,X +
1
4
f,XF
2
)
+ fgρσF aµρF
a
νσ − gµν
(
P +
1
4
fF 2
)
. (A.3)
Assuming both the inflaton field and the metric to be homogeneous the e.o.m. for the inflaton
reads:
d
dt
[√
|g|P,X φ˙+ 1
4
f,X φ˙F
2
]
+
√
|g|P,φ +
√
|g|1
4
f,φF
2 = 0 . (A.4)
Reducing to the case of a standard Lagrangian for the inflation field (i.e. P = X + V (φ))
the system further simplifies to:
φ¨+
1√|g| ∂
√|g|
∂t
φ˙+ V,φ +
1
4
(f,X φ¨+ f,φ)F
2 +
1√|g| ∂∂t
(
1
4
√
|g|f,XF 2
)
φ˙ = 0 , (A.5)
∂µφ∂νφ
(
1 +
1
4
f,XF
2
)
− gµν (X + V ) + f
(
gρσF aµρF
a
νσ − gµν
1
4
F 2
)
= Tµν , (A.6)
together with Eq. (A.2) which clearly is not modified by the choice we imposed on P (X,φ).
While these equations hold for both isotropic and anisotropic configurations, in the rest of
this appendix we specialize our equations to these two cases respectively.
A.1 The isotropic case
Using the ansatz described in the bullet point 2 of Sec. 2 specified by Eq. (2.5) and Eq. (2.4)
we can express the components of the Field Strength tensor as:
F a00 = 0 , F
a
ij = 0 , F
a
0i = v˙Aδ
a
i , (A.7)
where dots denote derivatives with respect to the cosmic time t. These equations can be used
to show that:
F 2 = −6v˙
2
A
a2
,
∂
∂t
F 2 = −2F 2
(
H − v¨A
v˙A
)
, (A.8)
where, in order to ease the notation, we defined F 2 ≡ gµνgαβF aµαF aνβ . At this point we can
express the e.o.m. for the inflaton and for the gauge fields as:
φ¨+ 3Hφ˙+ V,φ =
3v˙2A
2a2
[
φ¨f,X +Hf,X φ˙+ f,Xφφ˙
2 + f,XXX˙φ˙+ 2
v¨A
v˙A
f,X φ˙+ f,φ
]
, (A.9)
∂0 (afv˙A) = 0 , (A.10)
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Moreover, it is possible to show that the only non-vanishing components of the Einstein
equations are:
3H2 = T00 =
φ˙2
2
(
1− 3f,X v˙
2
A
a2
)
+ V (φ) +
3fv˙2A
2a2
, (A.11)
−δij2H˙ = Tij
a2
+ δijT00 = δij
[
φ˙2
(
1− f,X 3v˙
2
A
2a2
)
+
2fv˙2A
a2
]
. (A.12)
From the last two equations we can immediately compute the first slow-roll parameter:
H ≡ − H˙
H2
=
3
2
φ˙2
[
1− 3f,X v˙2A/(2a2)
]
+ 2fv˙2A/a
2
φ˙2
[
1− 3f,X v˙2A/a2
]
/2 + V (φ) + 3fv˙2A/(2a
2)
, (A.13)
from which we can immediately conclude that, if f > 0 (implying a positive kinetic term for
the gauge fields) and f,X < 0 (recall that X = −φ˙2/2 < 0), a small H (and thus inflation)
can only be obtained if the three conditions:
φ˙2
2
 V , 3
2
Xf,X v˙
2
A
a2
 V , f v˙
2
A
a2
 V , (A.14)
are simultaneously satisfied.
A.2 The anisotropic case
Using the ansatz described in the bullet point 1 of Sec. 2 specified by Eq. (2.2) and Eq. (2.3)
we can express the components of the Field Strength tensor as:
F01 = −F10 = v˙A . (A.15)
Analogously to the isotropic case this can be used to show that:
F 2 = −2b
4v˙2A
a2
,
∂
∂t
F 2 = F 2
(
4Hb − 2Ha + 2 v¨A
v˙A
)
, (A.16)
where we have introduced Ha ≡ a˙/a and Hb ≡ b˙/b. The e.o.m. for the inflaton field, for the
gauge field and the stress-energy tensor become:
φ¨+ 3Haφ˙+ V,φ =− 1
4
F 2
[
φ¨f,X + f,φ + f,X φ˙
(
Ha + 4Hb + 2
v¨A
v˙A
)
+
+f,XXX˙φ˙+ f,Xφ φ˙
2
]
, (A.17)
∂0(ab
4fv˙A) = 0 . (A.18)
Moreover, it is possible to show that the only non-zero components of the Einstein equations
in the anisotropic case are:
3
(
H2a −H2b
)
= T00 =
φ˙2
2
(
1− f,X b4a2 v˙2A
)
+ V (φ) + b
4
2a2
fv˙2A , (A.19)
−
(
3H2a + 3H
2
b + 6HaHb + 2H˙a + 2H˙b
)
= T11b
4
a2
=
(
φ˙2
2 − V (φ)− b
4
2a2
fv˙2A
)
, (A.20)
−
(
3H2a + 3H
2
b − 3HaHb + 2H˙a − H˙b
)
= T22
a2b2
= T33
a2b2
=
(
φ˙2
2 − V (φ) + b
4
2a2
fv˙2A
)
. (A.21)
19
This system can be rearranged to:
3
(
H2a −H2b
)
=
φ˙2
2
(
1− f,X b
4
a2
v˙2A
)
+ V (φ) +
b4
2a2
fv˙2A , (A.22)
3HaHb + H˙b =
b4
3a2
fv˙2A , (A.23)
6H2a + 2H˙a = −
φ˙2
2
f,X
b4
a2
v˙2A + 2V (φ) +
b4
3a2
fv˙2A . (A.24)
Plugging the first of these equations into the last one and dividing by H2a we can obtain the
analogous of the first slow-roll parameter:
− H˙a
H2a
=
φ˙2
2H2a
(
1− 1
2
f,X
b4
a2
v˙2A
)
+ 3
(
Hb
Ha
)2
+
b4
3a2
fv˙2A
H2a
, (A.25)
since f > 0 (to avoid a negative kinetic term for the gauge fields) and fX < 0 this is a sum of
positive terms. As a consequence, in order for inflation to be realized, all of this contributions
must be much smaller than one.
A.2.1 Anisotropic superpotential and useful quantities
In this section we report some additional equations which are useful in order to study infla-
tionary models in terms of the β-function formalism. First of all, from the definition of β0
and γ we can immediately compute the expression of the two superpotentials Wa and Wb:
Wa(φ) = Wa,f exp
{
−1
2
∫ φ
φf
dφ′β0(φ′)
}
, Wb(φ) = γ(φ)Wa(φ) , (A.26)
whereWa,f , Wb,f and φf denote the values ofWa, Wb and φ at the end of inflation respectively.
From the definition of β (and again using the definition of γ) we can then compute the
expression of the two scale factors a and b:
a(φ) = af exp
{∫ φ
φf
dφ′β−1(φ′)
}
, b(φ) = bf exp
{∫ φ
φf
dφ′γ(φ′)β−1(φ′)
}
, (A.27)
where af and bf are the values of a, b at the end of inflation.
From the definition of γ it is then possible to show that:
γ,φ = γ
Wb,φ
Wb
− Wa,φ
Wa
γ = γ
(
Wb,φ
Wb
+
β0
2
)
, (A.28)
which, together with Eq. (2.23) and Eq. (2.24), can be used to compute the expression of the
inflaton potential:
V (φ) =
3
4
W 2a
{
1− γ
2
− β
3
[
β0
2
− γ
2
(
β0
2
− d ln γ
dφ
)]}
. (A.29)
Substituting into Eq. (2.22) and the gauge field energy contribution:
2ρA
W 2a
=
p2A
f˜ W 2a
=
9
4
γ
[
1− β
3
(
β0
2
− d ln γ
dφ
)]
, (A.30)
which can directly be used to compute ρA defined in Eq. (2.26).
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B Specific examples
We present some explicit and worked out examples of the use of the β-function formalism
on both isotropic and anisotropic cases. In particular we illustrate how the consistency
conditions derived for both cases are helpful in model building. Note that these examples
have been chosen for illustrating purpose. We are not focusing in their phenomenological
prediction and consider them as toy models.
B.1 Isotropic inflation - Chaotic example
The model being completely defined by β0 and f˜ , we first pick a β-function and then show
how does constrain the possible parametrization of f˜ . The usual choices for β0 are defined
in [1]. For this example we decide to work with the chaotic class:
β0 = −α
φ
, (B.1)
where α is a positive constant. By definition, the end of inflation occurs at H = 1 and we
obtain an equation the value of φ at the end of inflation, φf :
β20
(
4p2A − f˜W 2f
)
+ 2f˜W 2f = 0 . (B.2)
The superpotential and potential for this kind of model are:
W = Wf
(
φ
φf
)α
, V (φ) ' 3
4
W 2f
(
φ
φf
)2α
− 3p
2
A
2f˜(φ)
. (B.3)
The parametrization for f˜ consistent with starting with a nearly dS universe (which is realized
for β0 → 0) are constrained by the condition Eq. (3.11). In this case, the condition reads:
β20 ≥
32p2A
f˜W 2
, or f˜ ≥ 32p
2
A
W 2f α
2
(
φ
φf
)−2α
φ2 . (B.4)
Two simple parametrizations are
• A strict proportionality in (B.4):
f˜ = C
32p2A
W 2f α
2
(
φ
φf
)−2α
φ2 , (B.5)
with C ≥ 1. In this case the square root in (3.8) is simply constant and the most of
the computation are analytical.
• A more general choice:
f˜ = g(φ)
32p2A
W 2f α
2
(
φ
φf
)−2α
φ2 , (B.6)
where g(φ) ≥ 1 is a generic function of φ.
Since isotropic inflation is not the main focus of this work we do not include the full analytical
study of these toy models. Note that we could also have started with a choice of f˜ and deduced
the allowed β-function from the consistency condition.
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B.2 Anisotropic examples
To describe other concrete applications of the formalism, we present a few possible parametriza-
tions for the function γ (alternative to the one used in Sec. 3.2.1) that satisfy all the consis-
tency conditions for the anisotropic case (i.e. Eq. (3.24) and Eq. (3.25) ).
B.2.1 Power-law inflation
Let consider the simplest choice for β0 and γ where both of them are constant:
β0(φ) = −C1 , γ(φ) = C2 , (B.7)
with C1, C2 positive constants. It is easy to show that in this case ∆ is a constant:
∆ = 1− 24C2
(1 + C2)C21
, (B.8)
and the conditions (3.24) and (3.25) constraining the parameters C1 and C2 are trivially
satisfied by any choice with C1, C2  1 and 24C2 ≤ C21 . This very simple parametrization
corresponds to the anisotropic power-law model of inflation discussed in [104]. This is made
explicit considering the potential:
V (φ) = Vf exp {C1(φ− φf )} , (B.9)
where Vf is combination of Wf , C1 and C2, and the coupling f = a
−4b−4f˜ :
f(φ) = ff exp
{(
−C1 + 8
C1(1 +
√
∆)
)
(φ− φf )
}
. (B.10)
where ff is combination of Wf , pA C1 and C2. In particular, by comparing with the model
of [104] we easily find that:
λ = C1 , ρ = −C1 + 8
C1(1 +
√
∆)
, (B.11)
and the condition found on the parameters λ and ρ (i.e. Eq. 32 of [104]) corresponds to:
3−√∆
1 +
√
∆
>
C21
4
, (B.12)
implying for example C1 < 2 for ∆ = 1, which is automatically satisfied here. In this simple
case, since β0 and β are constant, so it is  and the period of inflation will never end. However
this formalism is well suited to construct a better defined model, by adding a correction to
the β function, as in [78]. A choice of β0 = −C1−F (φ) (where F (φ) > 0 is a generic function
which goes to zero for large values of φ) and γ = C2 will have most of the features of the
strictly anisotropic power-law model but will allow inflation to end.
B.2.2 Logarithmic parameterization
Another elegant Ansatz for β0 and γ is:
γ,φ =
1
2
β0γ , (B.13)
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which gives:
γ(φ) = γf exp
{
1
2
∫ φ
φf
dφ′β0(φ′)
}
=
C
Wa
, (B.14)
where C ≡ γfWa,f is a dimensionful constant. Note that by definition of γ, we find Wb = C
to be constant. The other relevant quantities are given by simple expressions:
β(φ) =
1
2
β0(φ)
(
1 +
√
1− 24γ(1 + γ)
β20
)
, (B.15)
f˜ =
4p2A
9CWa
, (B.16)
V (φ) =
3W 2a
4
[
1− γ
2
− 1
6
ββ0
]
. (B.17)
The conditions to realize inflation in the model simply reduce to γ  1 and β20  1 and for
the square root to be well defined we obtain:
β20 > 24γ(1 + γ) . (B.18)
This model can be directly computed for any of the known class of universality upon some
validity check given by the above consistency conditions. To proceed further and illustrate
the mechanism in greater details, let us pick a explicit choice for β0, namely the function of
the chaotic class β0 = −α/φ, where α is a constant. This choice directly gives:
γ(φ) = C1φ
−α/2 , β(φ) = − α
2φ
(
1 +
√
1− 24C1
α2
φ
4−α
2
)
, (B.19)
where C1 is a constant and the condition from the square root gives:
φ
α−4
2 >
24C21
α2
, (B.20)
implying that α ≥ 4 and an appropriate choice of C1 should satisfy this condition. We can
not proceed further without fixing α. For example, the case with α = 4 gives β = −C2/φ
where C2 ≡ 2
(
1 +
√
1− 3C1/2
)
is a constant. We can compute the coupling between the
gauge and the scalar fields:
f(φ) ' ff exp
{
2
C1
(
φ2 − φ2f
)}( φ
φf
)4(C1
C2
− 1
2
)
, (B.21)
where ff is a constant factor. As a consequence f has to decrease exponentially during
inflation (i.e. as φ decreases towards φf ).
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